We study a metric cubic gravity theory considering odd-parity modes of linear inhomogeneous perturbations on a spatially homogeneous Bianchi type I manifold close to the isotropic de Sitter spacetime. We show that in the regime of small anisotropy, the theory possesses new degrees of freedom compared to General Relativity, whose kinetic energy vanishes in the limit of exact isotropy. From the mass dispersion relation we show that such theory always possesses at least one ghost mode as well as a very short-time-scale (compared to the Hubble time) classical tachyonic (or ghost-tachyonic) instability. In order to confirm our analytic analysis, we also solve the equations of motion numerically and we find that this instability is developed well before a single e-fold of the scale factor. This shows that this gravity theory, as it is, cannot be used to construct viable cosmological models.
However, since ECG does not satisfy the Lovelock theorem, one should expect that it generically possesses other propagating modes. On a FLRW spacetime without matter and with second order equations of motion for the scale factor and for perturbations, these modes can be tensor perturbations (massive gravitational waves) only. This fact could be problematic, but if the mass of these extra degrees of freedom is large enough, then the model would still be viable as an effective low-energy theory. If so, the above mentioned defining prescription on maximally symmetric spacetimes could be enough to ensure good behavior of higher order gravity theories. That is why in this paper, we will try to understand what happens to the extra degrees of freedom, and in particular, we will address the issue whether these extra degrees of freedom make the maximally symmetric de Sitter solution unstable or not.
For this purpose, we will find it convenient to study ECG solutions for small inhomogeneous perturbations on a plane-symmetric spatially homogeneous Bianchi type I spacetime. We consider this particular manifold because, as we will show later on, it possesses a smooth limit to an isotropic and homogeneous FLRW background. The Bianchi-I spacetime itself can be thought of as a strong tensor perturbation (gravitational wave) with the infinite wavelength superimposed on a FLRW background. Therefore, if we use solutions for perturbations on it to study what happens to the extra degrees of freedom as the Bianchi-I metric becomes more and more isotropic, this consideration will be effectively beyond the linear order with respect to the limiting FLRW background. To arrive such a goal, we will find it sufficient to study only the odd-parity-modes subset of all perturbation variables. We find that, on a general Bianchi type I manifold, three odd-parity modes propagate (instead of the single one present in GR). This fact is in agreement with the Lovelock theorem. In other words, solutions of ECG for perturbations on a generic background do not behave as in GR. In fact, we find that for any Bianchi I type background solution in ECG, at least one of its three perturbation modes is always a ghost.
However, these anisotropic degrees of freedom are not present on a FLRW background. Therefore, we want to know how the ECG theory behaves in the FLRW limit. We show the existence of such a FLRW limit, i.e. the existence of a Bianchi type I background solution of the ECG equations of motion which evolves in time more and more towards a FLRW isotropic solution. We will call it the isotropic limit of Bianchi-I solutions. This solution is important as it will show what happens to the three anisotropic modes as the background becomes more and more isotropic.
In this isotropic limit, we then study the no-ghost conditions for the three modes, and find that at all times either one or two modes are ghosts. We then proceed to study the dispersion relations for all the modes in this isotropic limit. We find that at the leading order, the dynamics of the ghost(s) decouple from the other modes, and one (of two) modes become either tachyonic or ghost-tachyonic (we will see more clearly what we mean by this later on). Anyhow, in both these cases, a strong classical instability arises, which exponentially grows in a short time (much less than in a single e-fold).
For this reason, we believe that the maximally symmetric FLRW spacetime -the de Sitter one -cannot be considered as a stable, ghost-free solution of the equations of motion. Rather, as long as the background is not exactly de Sitter, even if the would-be FLRW background equations of motion are stable, tensor perturbations (at least their odd-parity modes) will have extra and/or ghost degrees of freedom which will tend to grow exponentially. Therefore, as long as one does not find a cure to such a behavior, the ECG theory could not lead to a viable cosmological model. This paper is organized as follows. In section II we introduce the ECG Lagrangian and discuss small inhomogeneous odd-parity perturbations of a homogeneous Bianchi-I metric. In section III, we establish the existence of an isotropic limit solution to the Bianchi-I metric. Then, we expand the Lagrangian up to the second order in odd-parity modes in section IV. Introducing a new Lagrangian multiplier, we find that there exist three degrees of freedom for perturbations. After diagonalizing the kinetic matrix, we make a canonical field redefinition in the section V to study the mass dispersion relation. In this section we show that there always exists at least one ghost and tachyonic or ghosttachyonic instability. In section, VI we solve the equation of motion numerically with respect to the number of scale factor e-folds N , and show that the instability is developed much before even single e-fold number. Finally in section VII, we present our concluding remarks.
II. THE LAGRANGIAN DENSITY
The Lagrangian density of the ECG contains the following linear combination of cubic in the Riemann and Ricci tensors terms [23] 
where
and total gravitational action reads as
However, the scalar L, not belonging to any of the Lovelock scalars, leads to non-trivial contributions in four dimensions, and in turn, this new theory of gravity is then, if seen from the Lovelock theorem point of view, necessarily of higher order. Nonetheless, in vacuum and on a spatially flat FLRW background, it is rather easy to show that the following background equations of motion holdȧ
These equations of motion imply a de Sitter solution a ∝ e H0t , where H 0 =ȧ a and the constant value of H 0 is related to the value of the bare cosmological constant Λ. On top of that, considering linear perturbation theory, we find that only the two different polarization of the tensor modes, i.e. h ij = λ=+,× H λ ǫ λ ij do propagate, and their reduced action can be written as
Indeed, this theory satisfies the defining conditions that on maximally symmetric spacetimes, the equations of motion are of second order and only tensor modes propagate, as in GR. This result also shows that, as long as M 4 P +48βH 4 0 > 0, the tensor modes are well behaved on the de Sitter solution. This necessary condition automatically excludes the particular value of H 0 which would make the second factor in Eq. (11) vanish. Furthermore, this condition together with Eq. (10) imply that the de Sitter solution exists provided Λ > 2H 2 0 > 0. Therefore, there are no stable de Sitter solutions without a bare positive cosmological constant in this gravity theory. The condition Λ > 2H 2 0 is very strong, as this fact indicates that in general there is no mechanism to end inflation within the theory itself, at least at the classical level. This immediately puts a very serious obstacle to the construction of viable cosmological models in this theory. Still it is possible to avoid it, i.e., like it was done in [5] , by waiving the requirement that the equation of motion for the scale factor should be the second order (but still keeping second order equations for perturbations!) and by adding the R 2 term to the total Lagrangian density in the rhs of (9) . However, as we shall see later on, the real problem of this theory is that this de Sitter solution is unstable due to the presence of perturbation instabilities.
A. The metric
Let us consider a homogeneous plane-symmetric Bianchi type I background
and let us focus on odd-parity modes of perturbations upon it (dubbed odd modes below for brevity):
For an odd modes gauge transformation, we get
because the metric in the y-subspace is Euclidean. Then we can consider a decomposition for odd modes as follows
where Y satisfies the equation
, and ǫ 12 = 1 = −ǫ 21 . In fact, we find
automatically.
For an odd modes gauge transformation, we have
This leads to
So we set the odd-mode flat gauge for which
or
In the limit b → a, we get back to a FLRW manifold. So we have a smooth transition to a homogeneous and isotropic universe. In the following we will only consider the vacuum case. In this study we perform the same analysis as in [26] . In particular, in GR one would expect that only one odd mode is propagating, namely one of the two polarizations of gravitational waves.
III. THE BACKGROUND AND THE FLRW LIMIT
In this section, we show the existence of a smooth isotropic limit for Bianchi-I background solutions in ECG gravity. We need such a solution in order to understand the behavior of the extra modes, present in the theory, in the smooth isotropic FLRW limit of a Bianchi type I metric. If there were no such stable isotropic limit, this would not be possible.
In order to achieve this goal, we try then to solve the equations of background motion iteratively in the isotropic limit. In particular, we have two differential equations for the two background variables a and b, and when b → a we have a background which reduces to FLRW, whose solution describes the de Sitter expansion. Therefore we can try to find an iterative solution of the following kind
where a 1 , b 1 ≪ a 0 , and
where H 0 is given as the solution of the first Friedmann equation, namely Eq. (10). Since we know that a 0 satisfies the equations of motion for the FLRW background, we can linearize the background equations for a 1 and b 1 and find their dynamics. In principle, one can continue further to the next order with the condition that
If it is possible to build iteratively such a solution, then indeed we can construct an anisotropic Bianchi-I background which approximates an isotropic FLRW one. Actually, we have three equations of motion in Bianchi-I corresponding to the lapse equation and the two equations of motion for the fields a and b. However, because of the Bianchi identities, only two of them are independent. At the lowest order, as we already know by construction of such a solution, one finds that the a-equation of motion implies
which is automatically satisfied on de Sitter. This is the analogue of the GR equationḢ = −4πG(ρ + p) = 0, in the presence of only a cosmological constant. Among all family of de Sitter solutions, we impose here the condition
otherwise we would have that the tensor modes on FLRW either become (massless) ghosts (for β < − ). In the following we will not consider this nonphysical situation. Furthermore, for obvious reasons, we will consider the case β = 0. At the lowest order the b-equation of motion (see the appendix A for more details) does not add any new information. Now that we have set the zeroth order solution, we can proceed to find the deviations from exact de Sitter by studying the next variables a 1 and b 1 .
At the first order in the variables a 1 , and b 1 , we get from the Λ-equatioṅ
The solution for the previous equation can be written as
where the last term containing C 1 can be included into a renormalization of the background lowest order solution for which a 0 ∝ e H0t . Therefore we can set
The b-equation instead givesä
which is solved by
Once more the second solution can be reabsorbed into the lowest order term, so that we are left with
Indeed we find that, for a large range of values of C 1 , a 1 , b 1 ≪ a 0 when a 0 > 1 as expected during inflation. The other remaining equation of motion is automatically satisfied at the same order, because of Bianchi identities. At the next order one finds from the Λ-equation
where we have once more discarded a term proportional to e H0t . The b-equation of motion gives
where we have discarded two terms proportional to e H0t and e −2H0t respectively as renormalizations of the previous a 0 and a 1 solutions. Therefore we find
In this way one we have found a solution for which (a 2 , b 2 ) ∝ a
H0t , and one can continue building up such a solution order by order in inverse powers of a 0 . Finally, we have shown the existence of a solution (at least up to second order) for which a 0 grows exponentially in time, and lim a0→∞ b(t) = a(t) = a 0 (t). Up to the second order (but we may continue further on), we find that this approximate solution can be written as
IV. DEGREES OF FREEDOM FOR ODD MODES
We expand the Lagrangian density at the second order in perturbations for a general Bianchi-I background for the theory under consideration. Then we will consider the limit for b → a. Since the background is homogeneous, we can expand the perturbation variables in Fourier modes also for the x coordinate, with a basis which satisfies ∂ 2 xỸ (x) = −k 2Ỹ (x). Here we will consider only the constraints coming from the local behavior of linear perturbations. For this aim, for simplicity, but without lack of generality, we can focus on one single Fourier mode with the wave vector K = (k, q).
We have three background equations of motion (but only two of them are independent). On imposing the background equations of motion on the second order Lagrangian density L, we notice that the following terms (which are new compared to GR) come out, namely
These terms are absent in GR, because β = 0 identically. Then in GR, V would represent a Lagrange multiplier which can be integrated out leaving a reduced action for a single propagating mode, W , which would have a standard kinetic term. It is interesting to notice that in the exact isotropic limit i.e. b ∝ a, the above terms in the action vanish, hence the mode V becomes a Lagrangian multiplier on FLRW. However, for this new theory, i.e. β = 0, the presence of these two terms in the non-isotropic case suggests that new degrees of freedom will arise in general. The highest-derivative terms responsible for the presence of the new modes, on the other hand, tend to vanish in the isotropic limit, so that we need to understand what happens to such degrees of freedom in this limit.
We can rewrite the previous terms in the following equivalent way
and the terms above can be rewritten as
In fact, on replacing it inside the new Lagrangian density L ′ , we get the original Lagrangian density L. In other words, we have two equivalent Lagrangian densities which lead to the same classical equations of motion.
After integrating by parts the term involvingẄ , we get a term of the formζẆ , so that in the new obtained Lagrangian density L ′ we can represent now the kinetic term for the fields ψ i = (ζ, W, V ) as
where K ij = K ji , K 11 = 0 = K 13 , but K 12 = 0. In the exact isotropic limit, the terms K 12 , K 23 , K 33 all vanish, making the field V = ψ 3 a Lagrange multiplier. We now try to diagonalize the matrix K ij by the following field redefinition
This transformation is in general well defined (as shown in the appendix B), even in the isotropic limit, for example
and its determinant is equal to unity. After this field redefinition, it is possible to write down the new diagonal kinetic matrix A ij as follows
with three different diagonal elements. Investigation of the positivity of these diagonal elements is sufficient for understanding whether the theory has ghosts or not. In fact, we find
from which it is clear that g 1 g 2 = −K 2 12 < 0. Therefore, no matter what the evolution is, there will be always at least one ghost mode in the odd sector. If also K 33 < 0, then two ghosts will be present. Furthermore, both g 1 and g 3 tend to vanish in the isotropic limit, whereas g 2 does not. This was expected, as on FLRW we should apparently get only one odd propagating mode.
For the solution approaching FLRW which was found in the previous section, we find
By investigating these expressions we can see that, for all allowed values of β, g 1 < 0, whereas g 2 > 0, i.e. the field F 2 is always well behaved. In fact, since F 2 is the only odd mode which seems to exist on exact FLRW, it should represent a tensor mode. If C 1 β < 0, then F 3 represents a (second) ghost. We will distinguish the two cases which depend on the sign of βC 1 . If βC 1 > 0, then F 2 and F 3 are never ghost degrees of freedom in the isotropic limit. If one takes the exact FLRW limit, one re-obtains the standard equation of motion for one polarization (the cross one) for the de Sitter cosmological tensor modes, as also shown in the Appendix B.
V. MASS DISPERSION RELATIONS
In the following we want to study behavior of the perturbations variables, in particular we want to see what happens to them in the isotropic limit.
A. One ghost case
In this case we choose βC 1 > 0, that is g 3 > 0, whereas A 11 < 0, so that only one ghost exists. In order to study canonically normalized fields on FLRW, we can make another field redefinition by imposing
so that the Lagrangian density for the perturbations can be rewritten as
Now it is clear that in the isotropic limit, when the both A 11 and A 33 tend to vanish, then in general other terms in the Lagrangian density might become larger and larger, in particular the mass term of such modes. If this mass will be positive, then the mode would become very massive, but if such a mass is negative this mode (if not a ghost) would become extremely unstable. In such a situation, as we shall see later on, the theory develops a short-time instability, i.e. an instability which cannot be neglected in a Hubble time.
In order to see what happens to the stability of perturbations by evaluating their mass-dispersion relation, we should take equations for them which look as follows
and consider the isotropic limit for the anti-symmetric matrix B ij and for the symmetric matrix µ ij . One can see that at the lowest order in isotropy, one finds
Then the eigenvalues of the matrix µ ij determine the mass eigenvalues of the modes. We find that in the isotropic limit the elements of the matrix µ ij reduce to:
In other words, we can see that the mass matrix can be approximated as
so that to the lowest order, the modes Z 1 and Z 3 have negative self-coupling terms. For the ghost mode, this is actually a good point, because it would make it stable 1 . However the Z 3 mode, which is not a ghost, tends to be strongly unstable in the isotropic limit. Notice that (k 2 + q 2 )/q 2 > 1, so that this problem takes place at any scale (and gets worse when q/k → 0). As already noticed above, the reason why e.g. the term µ 33 becomes larger and larger in the isotropic limit is due to the fact that the coefficient ofḞ 2 33 tends to vanish in the same limit. This instability is purely classical, so that we do not need to invoke any quantum particle production. That is due to the fact that Z 3 becomes a tachyon, its mass growing exponentially but towards more and more negative values. Thus, we expect to have an exponentially growing instability when we solve the equations of motion.
B. Two ghosts case
Along the same lines as in the previous section, in this case we consider C 2 ≡ −C 1 , together with βC 2 > 0. In this case, we find that in the isotropic limit both g 1 and g 3 become negative, so that there are actually two ghost degrees of freedom. We can make a further field redefinition
which is convenient in the isotropic limit, so that the Lagrangian density for the perturbations can be rewritten as
Then we consider the isotropic limit for the anti-symmetric matrix B ij and for the symmetric matrix µ ij , which then become functions of a 0 , the wave numbers q and k, the parameters of the action, and finally of C 2 . One can see that 1 In fact, for a stable harmonic oscillator we have L =ẋ 2 − ω 2 x 2 , whereas for a stable ghost we should have Lg = −ẋ 2 + ω 2 x 2 = −L, because both L and Lg lead to the same equations of motion.
at the lowest order in isotropy, one finds
Then the eigenvalues of the matrix µ ij determine the mass eigenvalues of the modes. We find that in the isotropic limit the element of matrix µ ij reduce to:
In this case, we can see that the mass matrix can be approximated as
so that to the lowest order the modes Z 1 and Z 3 have self-coupling terms of opposite signs. For the ghost mode Z 1 , a positive squared-mass diagonal element µ 11 corresponds to a tachyonic instability. In this case a negative mass for Z 3 , which is now also a ghost, would instead make it stable. In any case, the whole system, because of the tachyonic mass for the ghost, tends to be unstable. As in the one ghost case, this instability is purely classical, so that we do not need to invoke any quantum particle production, which could of course contribute to produce an additional instability. However, even from a pure classical level, the background will be unstable. Thus, we expect to have an exponentially growing instability in this case, too, when we solve the equations of motion.
VI. NUMERICAL INTEGRATION
We want to show numerically that the instability studied analytically in the previous section develops well before even one single e-folding in general. This implies we should expect the de Sitter solution to be unstable before the effective field theory approach breaks down. In order to check the characteristic time of such an instability, in the following, we will solve numerically the full equations of motion for the two Lagrangian densities described in the Eqs. (61) and (78), assuming
On replacing q =qH 0 , k =kH 0 , and H 0 = αM P , we integrate the equations of motion with respect to the number of e-folds N ≡ ln a 0 /a 0,ini variable by adding the extra equation of motion a ′ 0 = a 0 , so that the system of ODEs In the left panel, we have set
We can see that the non-ghost mode Z 3 is exponentially unstable and its growth makes the other modes grow exponentially. In the right panel, in the case with two ghosts, we have set
Here we can see that the ghost mode Z 1 is exponentially unstable and its growth makes the other modes grow exponentially, too.
becomes autonomous, i.e. explicitly independent of N . We have considered typical values for both parameters and initial conditions (Z i,ini = 10 −6 ,Ż i,ini = 0, a 0,ini = 1). The results are shown in Figure 1 and they confirm the analytical prediction for the existence of a classical instability. Here, we have chosen these initial conditions which looks sensible. Indeed we want to start from a universe which is close to a FLRW one, and see what happens next to the perturbations variables. Even when we change the initial conditions, we get a similar unstable behavior. This provides additional support for a generic exponential growth of such an instability, making the FLRW behavior nonviable. We have checked that extending the expansion of solutions for a and b to the order O(C 
VII. CONCLUSIONS
After introducing the ECG theory [23, 24] a generalization of this theory has been also proposed and its cosmology has been studied at the background level [27] . In [27] , it is proposed that this theory can explain both early universe inflationary era and the late-time acceleration of the universe. It was shown that the theory does not possess any ghost modes on a FLRW background. However, as we show here, this is not enough to say a theory is viable or not. One has to investigate its linear perturbations -and not only on a FLRW background -to show that the theory does not possess any instabilities or strong coupling behavior.
Since ECG is a higher order theory in the curvature tensor, as predicted by the Lovelock theorem, it should contain extra degrees of freedom. On the other hand, in this theory only two degrees of freedom propagate on a FLRW manifold in the absence of matter, as in GR. In order to look at the nature of other degrees of freedom which present in ECG and whose existence is predicted by the Lovelock theorem, we have studied linear perturbations on a homogeneous anisotropic Bianchi type I spacetime in this gravity theory. Such consideration introduces an anisotropy (with the infinite length scale) already at the background level compared to the isotropic FLRW metric. We showed the existence of a vacuum solution for Bianchi-I background which smoothly approaches the de Sitter metric in the isotropic limit, and for which anisotropy decreases with time as a −3 0 , where a 0 ∝ e H0t . Therefore, we can study the FLRW limit of a Bianchi-I manifold. As it was known in literature, we re-obtained that on a FLRW background, the ECG theory should satisfy the no-ghost condition M However, studying inhomogeneous perturbations on a Bianchi-I background in the regime of small anisotropy, we have expanded the Lagrangian density up to the second order in odd-parity perturbations and have found the existence of new degrees of freedom (compared to GR), confirming the predictions of the Lovelock theorem. The kinetic term of these new degrees vanishes in the exact isotropic limit. Thus, consideration of linear perturbations on a Bianchi-I manifold, even in its isotropic limit, makes possible to go beyond the linear order with respect to a FLRW background and to obtain non-perturbative results. We find that in total, as for odd modes, three degrees of freedoms are present. Then we diagonalize the kinetic matrix and redefine fields into canonically normalized ones in order to study the speed of their propagation and mass dispersion relations.
We find that for any parameter of ECG theory, there always exists at least one ghost which propagates in the background. Furthermore, we also find that one of the modes always acquire a tachyonic instability with time-scale much shorter than the Hubble time. We checked numerically that the instability grows well before one single e-fold. The instability present here is pure classical, thus the quantum particle production needs not be studied.
This study shows that ECG theory has a classical instability in the isotropic de Sitter limit, which is present at all scales and is developed even before one e-fold. Thus, without curing this problem, this theory cannot be considered as a viable theory of gravity and cannot be used to construct internally consistent isotropic cosmological models. Note finally that this phenomenon is very similar to that arising in f (R, G) theory of gravity, where G is the Gauss-Bonnet invariant, and making it not viable, too, apart from some specific exceptional cases [28] .
Appendix A: Background equations of motion
We write in the following the equations of motion for the background. We have three equations of motion, which can be written as follows 
As long as we are not in the exact FLRW limit, then we can solve these equations for Λ, .... a and .... b . These equations in the text will be denoted as Λ, a and b equations respectively. In the process of reducing the second order Lagrangian density for the perturbations we will make use of these equations of motion. It should be noted that E 1 , E 2 , and E 3 + 144 b 3ḃȧ ḃ 2 k 2 + 2 3 q 2ȧ2 a 2 − 144 ab
and we can see that in the exact isotropic limit, we find that Γ 1 , Γ 2 , and Γ 3 all vanish as 
Then, after performing the field redefinition, we find
Exact FLRW limit
We discuss here the exact limit for which b → a in the Lagrangian density for the fields F i . Although this limit should not be made exactly, as we would loose information regarding the propagating fields F 1 and F 2 , we only want to show here that we can get back the FLRW result for the cross polarization of gravitational waves. In fact, in this case the Lagrangian density reduces to L = M 
and any term including the field F 1 disappears in this exact FLRW limit. After integrating by parts the term F 2Ḟ3 term, we find that the field F 3 becomes a Lagrange multiplier, which can be integrated out (at least in this wrong limit) to give
On performing the field redefinition
then we get, as expected, the standard propagation for a gravitational wave in the de Sitter background for this theory, namely L = (M 
